Abstract. In this note we show that the existence of a periodic segment for a non-autonomous ODE with periodic coefficients implies the existence of infinitely many periodic solutions inside this segment provided that a sequence of Lefschetz numbers of iterations of an associated map is not constant. In the case when this sequence is bounded we have to impose a geometric condition on the segment to get solutions by use of symbolic dynamics.
Periodic segments
Let v : R × M → T M be a smooth (i.e. C k , k ≥ 1) time-dependent vector-field on a manifold M of dimension dim M = m. We consider the non-autonomous equation
(1)ẋ = v (t, x) with T -periodic coefficients in t, i.e. there is T > 0 such that v(t + T, x) = v(t, x) for every (t, x) . Every such equation generates a T -periodic local process Φ on M such that for t 0 ∈ R and x 0 ∈ M the map (α (t 0 ,x 0 ) , ω (t 0 ,x 0 ) ) t → Φ (t 0 ,t) (x 0 ) ∈ M is the maximal solution of the initial value problemẋ = v(t, x), x(t 0 ) = x 0 .
The map Φ (0,T ) is called the Poincaré map. Recall that if the vector field is of a class C k , k ≥ 1, then the Poincaré map is of the same class. We mention that if φ is a local flow on the extended phase space R × M generated by the system of equationsẋ = v(t, x),ṫ = 1, then φ((t 0 , x 0 ), t) = (t 0 + t, Φ (t 0 ,t) (x 0 )). One of the basic tools of geometrical theory of periodic solutions is the notion of a periodic segment introduced in [S1] . Let W ⊂ R × M . Define the exit set of W as : φ((τ, x) , [0, t] ) ⊂ W ∀t ∈ (0, ω (τ,x) )}.
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We call W a block for φ if W , W − are compact. In order to define a periodic segment in the extended phase space we introduce the following notation: by π 1 and π 2 we denote the projections of R × M onto R and, respectively, M , and if Z is a subset of R × M and t ∈ R, [t 1 , t 2 ] ⊂ R, then we put Z t := {z ∈ M : (t, z) ∈ Z}, Z [t 1 ,t 2 ] = Z ∩ ([t 1 , t 2 ] × X).
A set W ⊂ [0, T ] × M is called a periodic segment over [0, T ] (for the equation (1)) if it is a block with respect to φ such that the following conditions hold: (a) there exists a compact subset
Using a homeomorphism h satisfying (b) we define a monodromy homeomorphism
It can be proved that a different choice of the homeomorphism satisfying (b) provides the monodromy homoeomorphism homotopic to m (cf. [S1] ). It follows, in particular, that the isomorphism in singular homologies (with coefficients in Q) 
is correctly defined. In the sequel we will use the following theorem due to Srzednicki ([S1] , and also [SWZ] ). Theorem 1.1. Let W be a periodic segment over [0, T ] . Then the set
is open in W 0 and the set of fixed points of the restriction
Main results
Let W be a periodic segment over [0, T ] for a T -periodic local process Φ. From now on we assume that our vector field, thus also Φ, is of the class C k , k ≥ 1. We put
, and we define the dual sequence Proof. This is essentially the Shub-Sullivan theorem (see [ShSu] , and also [JM] for generalizations related topics). Suppose that the set of periodic points Φ (0,T ) is finite and consists of m disjoint orbits Since v is C k , so Φ is C k and by the Shub and Sullivan theorem the left hand side is bounded, which leads to a contradiction.
Observe that in the case when {Λ n } is unbounded the existence of infinitely many periodic solutions is a consequence of a general theorem on periodic points of smooth maps. If the sequence of Lefschetz numbers of a smooth map is bounded, then the set of periodic points can be finite, e.g. empty. Similarly, a periodic equation (1) with a periodic segment and {Λ n } bounded has finitely many periodic solutions in general.
Example 2.2. The planar systemż = z for each T > 0 posseses a periodic segment W with the sequence {Λ n } constant equal to −1 and has just one trivial bounded solution. Consider the following planar non-autonomous equation of the variable z ∈ C:
The right-hand side of equation (4) is T = 2π periodic. One can check that (4) has only the trivial periodic solution, there exists a T -periodic segment W , and Λ n is k + 1-periodic with
In particular {Λ n } is non-constant.
Remark 2.3. The case when {Λ n } is bounded seems to be typical. In all examples known to the authors a constructed periodic segment W and corresponding map µ lead to a bounded sequence {Λ n }, thus are periodic by Lemma 2.6 and Theorem 2.7. We conjecture that the sequence {Λ n } is always bounded provided that a periodic segment exists.
In case {Λ n } is bounded, to establish the existence of periodic solutions of equation (1) we have to impose additional geometric properties on the periodic segment W introduced in [SW] .
Assume that Z, W are two periodic segments over [0, T ] with Λ n = Λ(µ n W ), and moreover the following two conditions hold:
We define (7) I :
i.e. the set of all points in W 0 whose full trajectories are contained in the bigger segment W . It follows that I is compact and invariant for the Poincaré map. For x ∈ I we encode a trajectory of x by the sequence g(x) ∈ Σ 2 = {0, 1} Z by the following rule:
• if over the time interval [iT,
It follows that the map g : I → Σ 2 is continuous and
where σ : Σ 2 → Σ 2 is a shift map. 
Proof. We separated an algebraic part of the proof and exposed it below. If {Λ n } is bounded, then from Proposition 2.9 it follows that there exists an infinite set
. . , c n−1 ) ∈ Σ 2 be n-periodic such that the symbol 1 appears exactly k-times in the sequence c. Let
= x} ⊂ I be the set that consists of all fixed points for the n-th iteration of the Poincaré map Φ n (0,T ) whose trajectories are coded by the sequence c. One can prove (compare Th. 2 in [W] ) that the fixed point index ind(Φ
. One can easily check that the set of all n-periodic sequences c with k ∈ S symbols 1 is dense in Σ 2 , so g is surjective.
Remark 2.5. Note that the assumption that the sequence {Λ n } is not constant is essential. Otherwise one can take Z = W as being an isolating block for the origin in the planar systemż = z. Then {Λ n } is a constant equal to −1 and the system for each T > 0 has just one T -periodic solution.
We say that a sequence Λ n of integers satisfies the Dold relations, or Dold congruences, if
where µ : N → {−1, 0, 1} is the Möbius function (cf. [D] , [JM] 
To prove the second part of the statement observe that
where H ev (m), correspondingly H od (m) is the induced map on the even dimensional, respectively odd dimensional homology spaces. Consequently
and the statement follows from (11) applied to the integral matrices H ev (m) − I and H od (m) − I respectively.
Suppose now that the sequence Λ n is bounded. Then we have the following algebraic characterization (cf. [BB] , also [JM] for another exposition).
Theorem 2.7. Suppose that Λ n is a sequence of integers satisfying the Dold relations. Then the following two conditions are equivalent:
i) The sequence is bounded.
ii) There exists a natural number l > 1 and integers a d for all d | l such that
where 
Proof. By the definition
Substituting the expression for Λ n given in Theorem 2.7 we have
Recall that −1 = exp(πı), and consequently each λ d,i is equal to exp( 2πıi d ) + exp(πı). By direct calculations we get
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This shows that Λ * n = Aj is a constant non-zero sequence. This is impossible with respect to the following inversion formula (see [Wi] , p. 125).
Lemma 2.10. If Λ n and Λ * n are two integral sequences (arithmetic functions), and
and conversely. 2
To complete the proof of Proposition 2.9, if A j = 0 a for all 1 ≤ j ≤ r, then Λ * n = 0 for every n ≥ 1 and Λ n = Λ 0 for every n ≥ 1 by Lemma 2.10, contrary to our assumption on Λ n . Ifj is the smallest index such that A j = 0 and ρj ≤ 1, then ρj = 1 and Λ * n = Aj for every n ≥ 1 as was shown above. By Lemma 2.10, then |Λ n | → ∞, contrary to our assumption on Λ n . This shows that ρj > 1.
Consequently, for n = 2lk, k ∈ N, the sum expressing Λ * n has the asymptotic behavior as Ajρ n j with ρj > 1, where 1 ≤j ≤ r is the smallest index for which
Remark 2.11. Note that in the case l = 2, i.e. the sequence {Λ n } is 2-periodic, the supposition that {Λ n } is not a constant sequence is equivalent to a 2 = 0. But the latter leads to the first considered case, and consequently
A rate of growth of periodic solutions
We will show that Theorems 2.1 and 2.9 provide information about the rate of growth of the number of periodic solutions as a function of the minimal period. This result can be derived by an analysis of the rate of growth of periodic solutions of the associated Poincaré map. We emphasize that it is possible to estimate from below the number of nTperiodic orbits, i.e. orbits for which nT is a period (not necessarily minimal). This is a consequence of a corresponding theorem of Babienko and Bogatyi estimating from below the number of periodic orbits of a smooth map f (cf. [BB] ), with an estimate which does not depend on f in the case where the cohomology ring of the space has a special form (cf. [G] ). More precisely, let us denote by #Or(Φ, n) the cardinality of periodic orbits of Φ (0,T ) up to the length n, and by #{ nT − per sol} the cardinality of the set of all nT -periodic solutions for which nT is the minimal period.
Proposition 3.1. Suppose as in Theorem 2.1 that W is a periodic segment for the local process generated by (1), and the sequence {Λ n } is unbounded. Then there exists n 0 = n 0 (Φ) such that for every n ≥ n 0 ,
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Proof. First note that there is a one-one correspondence between the orbits of Φ (0,t) of length k (i.e. k is the minimal period of any point of this orbit) and kT -periodic solutions of (1) of minimal period kT . Indeed, each two k-periodic points x, y in one orbit of Φ (0,T ) , i.e. Φ q (0,T ) (x) = y, q | k, induce one nT -periodic solution of (1). Surely, two n-periodic points lying in different orbits of Φ (0,T ) give different nT -solutions. Thus, we have that
Now we claim that
Indeed one can check that all the arguments of the proof of a corresponding theorem of Babenko and Bogatyi for a C 1 -map of a compact closed manifold of dimension m (cf. [BB] or [JM] , Th. 3.2.41) carry over to this case. Here In the second case we have to use another argument to estimate the rate of growth of nT -periodic solutions of equation (1) with respect to n. We are able to show an exponential growth of nT -periodic solutions for this case.
For n ≥ 1 we denote by P n (Φ) the set of all n-periodic points of the Poincaré map Φ (0,T ) with minimal period n, i.e., P n (Φ) = {x ∈ M : Φ n (0,T ) (x) = x, n is minimal period of x} , and respectively by P n (Φ) the set of all n-periodic points the Poincaré map Φ (0,T ) , i.e.
Let #P n (Φ), correspondingly #P n (Φ), be the cardinality of P n (Φ), respectively of P n (Φ). Then for every n = 2lk q, k, q ∈ N, k > k 0 and q even we have
Consequently, for every such n we have
Proof. For each natural number n we define Proof. We observe first that for ω = exp( (1 + ω r ) n .
Since m | n, it follows that Remark 3.4. The simplest case of non-constant m + 1-periodic sequences Λ n such that Λ 1 = . . . = Λ m , Λ 0 = Λ 1 , was studied in [W, PW, SW, SWZ] in order to detect chaotic behavior in the planar equations z = (1 + e iκt |z| 2 )z m .
